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��5z{0
Ä�g�µÚ\Ø���È©£Irreducible Loop Integrals§=ILI’s¤�Vg"

I−2α =

∫
d4k
(2π)4

1
(k 2 −M2)2+α

,

I−2α µν =

∫
d4k
(2π)4

kµkν
(k 2 −M2)3+α

, α = −1, 0, 1, 2, ...

I−2α µνρσ =

∫
d4k
(2π)4

kµkνkρkσ
(k 2 −M2)4+α

(1)ü�È©²LFeynmanëêzþ�zǑXþ�1-fold ILI’s§Ï�5z�IéILI’s?1£�PV�{�«O"�±é¡5"¤
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��5z{0éuIþ.ILI’s�5z��(JǑµ
IR
2 =

−i
16π2

{M2
c − µ

2[ln
M2

c

µ2
− γw + 1 + y2(

µ2

M2
c

)]}

IR
0 =

i
16π2

[ln
M2

c

µ2
− γw + y0(

µ2

M2
c

)] (2)éuÜþ.ILI’s÷v±e�gT5^�:

IR
2µν =

1
2

gµν IR
2 , IR

2µνρσ =
1
8
(gµνgρσ + gµρgνσ + gµσgρν) IR

2 ,

IR
0µν =

1
4

gµν IR
0 , IR

0µνρσ =
1
24

(gµνgρσ + gµρgνσ + gµσgρν) IR
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Figure 3: Analogue of Feynman diagrams and electrical circuit diagrams½þþ§�3X±ea'µ
Feynmanã⇔>´ã�Ixj ⇔>Ø

Feynmanëêαi⇔>{
UVDPëêvi ⇔>�gdâf$Ä�§⇔î0½ÆÙ¥§Feynmanëê�UVDPëê�'X´µαi = 1
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Figure 4: (a)º:j�>6ÅðÄþÅï½Æ:
∑

pi qs entering vertex j(pi + qs) = 0
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pi
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Figure 5: £b¤£´r�>ØüÅð
∑

pi in loop r
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Figure 6:3¢SO��§·�uyµ
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�k³uÑ½nk³uÑ(Harmful Divergence or Nonlocal Divergence)µ/XM2
c · log(−p2)!log M2

c · log(−p2)�uÑ§ØU�Û��-��£local
counter-terms¤¤-�§�UÏL��A�-���\ã¥�Ó���-�"�â’t HooftÚVeltman§du¤kü�ã¤éA�FeynmanÈ©Ñ�±zǑαβγÈ©�Ú§Ï�I?ØαβγÈ©�k³uÑ�-�¯K"
αβγÈ©�½Âµ

Iαβγ =

∫
d4k1

(2π)4

∫
d4k2

(2π)4

1

(k 2
1 −m2

1)
α(k 2

2 −m2
2)
β[(k1 − k2 + p)2 −m2

3]
γ

(5)Ù¥§α, β, γþ�u0"þãαβγÈ©�ã/L«Ǒµ
k2, β, v2k1, α, v1

k1 − k2

γ, v3
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Figure 9: subdivergencesÏ·�I��ÄXe�éA�3Üü�-���\ã"
αββγαγ
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�k³uÑ½néuþãÊH�αβγÈ©§ÏLUVDPëêz§²£È©Äþk1¿�ÈK�Äþk1,�±��eªµ
Iαβγ =

i
16π2

Γ(α+ β+ γ − 2)

Γ(α)Γ(β)Γ(γ)

∫ ∞

0

3∏
j=1

dvj

(1 + vj)2
δ(1 −

3∑
j=1

1
1 + vj

)F(vj)

∫
d4l

(2π)4

1

[l2 −M2(p2,m2
j , vj)]α+β+γ−2

(6)Ù¥§
M2 =

(1 + v1)
2(1 + v2)

2(1 + v3)
2

(3 + v1 + v2 + v3)2
[

3∑
j=1

m2
j

1 + vj
−

1
3 + v1 + v2 + v3

p2] (7)

F(vj) =
[(1 + v1)(1 + v2)(1 + v3)]

2(α+β+γ−3)

(1 + v1)α−1(1 + v2)β−1(1 + v3)γ−1(3 + v1 + v2 + v3)2(α+β+γ−3)
(8)ÏLêuÑ�g��§�k2«�¹¬�9�k³uÑ§£1¤α= γ = 1, β = 2Ú£2¤α = β = γ = 1.e¡§·�ò©�¹?Ø"�� (Ü�ö:Ç�ûITP/ KITPC) ��5z3p�O�¥�gT5ïÄ April 3, 2011 18 / 44



�k³uÑ½n�¹1. α = γ = 1, β = 2d�§Tã¥���uÑ�g�U´éêuÑ"þãÊH�L�ª�z{Ǒµ
I121 =

i
16π2

∫ ∞

0

3∏
i=1

dviδ(1 −
3∑

i=1

1
1 + vi

)
1

(3 + v1 + v2 + v3)2(1 + v2)∫
d4 l

(2π)4

1

[l2 −M(p2,m2
i , vi)]2

= −
1

(16π2)2

∫ ∞

0

3∏
i=1

dviδ(1 −
3∑

i=1

1
1 + vi

)
1

(3 + v1 + v2 + v3)2(1 + v2)

(ln
M2

c

M2
s

− γω + y0(
M2

s

M2
c

)) (9)Ù¥§M2
s =M2 + µ2

s§y0(x)÷v5�y0(x)→ 0�x → 0�.·�uy§3UVDPëê�m«�v1 → ∞, v3 →∞¥�3XéêuÑ§dBjorken�a'§·���duÑ5gufÈ©αγ.�� (Ü�ö:Ç�ûITP/ KITPC) ��5z3p�O�¥�gT5ïÄ April 3, 2011 19 / 44



�k³uÑ½nǑJÑuÑ§3dÈ©«�·��±�e�CqµÈ©«���3v1 > V , v3 > V , v2 → 0,Ù¥§Vé�"d�§È©ÿÝCǑ∫ ∞
V

dv1

∫ ∞
V

dv3

∫ ∞
0

dv2. Ó�§Mª�u (1+v1)2(1+v3)2

(v1+v3)2 m2
2"u´§þãÈ©?�Úz{Ǒµ

I121 ∼ −
1

(16π2)2

∫ ∞

V
dv1

∫ ∞

V
dv3

∫ ∞

0
dv2δ(1 −

1
1 + v2

)

1
(v1 + v3)2

(ln
M2

c

(1+v1)2(1+v3)2

(v1+v3)2 m2
2

− γω)

∼ −
1

(16π2)2
(ln

M2
c

m2
2

− γω + y0(
m2

2

M2
c

))

∫ ∞

V
dv1

1
v1 + V

+ ... (10)(JǑµ
I121 ∼ −

1
(16π2)2

(ln
M2

c

−2q2
0V
− γω + y0(

−2q2
0V

M2
c

)) · (ln
M2

c

m2
2

− γω + y0(
m2

2

M2
c
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�k³uÑ½n
TVlog«�¤éA�ü�-���\ã£αγ¤L�ªǑµ

Is(αγ)
121 = −

∫
d4k2

(2π)4

1

(k 2
2 −m2

2)
2

DP{
∫

d4k1

(2π)4

1

(k 2
1 −m2

1)[(k1 − k2 + p)2 −m2
3]
} (12)Ù¥§DPL«=�uÑÜ©"O�(JǑµ

Is(αγ)
121 = +

1
(16π2)2

(ln
M2

c

µ2
− γω) · (ln

M2
c

m2
2

− γω + y0(
m2

2

M2
c

)) (13)é'üª§�µ2 = −2q2
0V ,üª�±°(��§u´��§k³uÑ-�
"
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�k³uÑ½n�¹2. α = β = γ = 1d���uÑǑ²�uÑ"
I111 =

i
16π2

∫ ∞

0

3∏
i=1

dvi

(1 + vi)2
δ(1 −

3∑
i=1

1
1 + vi

)

∫
d4l

(2π)4

1

l2 −M2(p2,m2
i , vi)

=
1

(16π2)2

∫ ∞

0

3∏
i=1

dvi

(1 + vi)2
δ(1 −

3∑
i=1

1
1 + vi

)

[M2
c −M

2
s(ln

M2
c

M2
s

− γω + 1 + y2(
M2

s

M2
c

))] (14)Ù¥,

M2
s = M2 + µ2
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�k³uÑ½n
dBjorkena'§·�kXeéAµ

subdivergence ⇔ divergent region in UVDP space

(1)αγ divergence ⇔ v1 → ∞, v3 → ∞, v2 → 0, (16)

(2)βγ divergence ⇔ v2 → ∞, v3 → ∞, v1 → 0, (17)

(3)αβ divergence ⇔ v1 → ∞, v2 → ∞, v3 → 0 (18)ÏL©�¹?Ø§·�Ó��±y²þã«��UVDPëê¥�uÑ�±��A�-���\ã¤-�"
�� (Ü�ö:Ç�ûITP/ KITPC) ��5z3p�O�¥�gT5ïÄ April 3, 2011 23 / 44



�k³uÑ½n
·���±e��k³uÑ½nµ�k³uÑ½n:éuÊH�IþV�αβγÈ©§���A�ü�-���\ã�\�§��e�³uÑ"þã½n�y
��5z3ü�O�¥�A^"

�� (Ü�ö:Ç�ûITP/ KITPC) ��5z3p�O�¥�gT5ïÄ April 3, 2011 24 / 44



~fµφ4nØ
φ4nØ�.¼þǑµ

L =
1
2
∂µφ∂

µφ −
1
2

m2φ2 −
λ

4!
φ4 (19)ÏLêuÑ�g§·����kφ4nØü:Úo:���¼ê�3XuÑ§©OéAuTnØ¥�âf�gU?�Úº:?�"

p p

k

k

k + p

Figure 11:
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φ4nØµü�?�gU?�µ
− iM2

1 = −iλ ·
1
2

∫
d4k

(2π)4

i
k 2 −m2

= −
iλ

2(4π)2
[M2

c −m2(ln
M2

c

m2
− γω + 1)] (20)ºÆ?�µ

−iΛ1 = 3 ·
(−iλ)2

2

∫
d4k
(2π)4

i
k 2 −m2

i
(k + p)2 −m2

=
3iλ2

2(4π)2

∫ 1

0
dx[ln

M2
c

m2 − x(1 − x)p2
− γω] (21)
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ü��z�Y
du��5z�{�±
nØ�uÑ1Ǒ§¤±éuk²�uÑ��È©§·��{�Ñ�þ�'��z�Y"·^u��5z��z�Yµéu²�uÑM2

c ,~�M2
c − µ

2§l3k��¥3e�zIÝµ2éuéêuÑln M2
c
M2 − γω,~�ln M2

c
µ2 − γω§l3k��¥3eln µ2

M25¿µ±þ��z�Y�~aqu�ê�5z¥�M̄S�Y§�´«O3uéu²�uÑ�?n"
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φ4nØµü�?�3±þ��z�Ye§·���ü���-��Ú�A�?�µgU?�µ
−iM2

1r = −
iλ

2(4π)2
[(µ2 −m2) −m2 ln

µ2

m2
] (22)ºÆ?�µ

−iΛ1r =
3iλ2

2(4π)2

∫ 1

0
dx ln

µ2

m2 − x(1 − x)p2
(23)-��µ

−iδ(1)

m2 =
iλ

2(4π)2
[(M2

c − µ
2) −m2(ln

M2
c

µ2
− γω)] (24)

iδ(1)

Z = 0 (25)

−iδ(1)
λ = −

3iλ2

2(4π)2
[ln

M2
c

µ2
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φ4nØ:gU?�
k2

k1

s

(a) (a1) (a2)

Figure 12:

(a)ã��zǑµ
−iM(a)

2 =
1
4

iλ2

(16π)2
(ln

M2
c

m2
− γω) · [M

2
c −m2(

M2
c

m2
− γω + 1)] (27)ü�-���\ã(a1) + (a2)��zǑ

−iM(a1)+(a2)
2 = −

1
4

iλ2

(16π)2
{[(M2

c − µ
2) −m2(ln

M2
c

µ2
− γω)](ln

M2
c

m2
− γω)

+(ln
M2

c

µ2
− γω) · [M

2
c −m2(ln

M2
c

m2
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φ4nØ:gU?�
k2

p
−k2 − k1

(b)

k1 + p
t + u

(b1)

Figure 13:

− iM(b)

2 =
iλ2

6(16π2)2
[
1
2

M2
c − 3m2(ln

M2
c

m2
− γω)

2 − 4m2(ln
M2

c

m2
− γω)

+
1
2

p2(ln
M2

c

−p2
− γω)] + ... (29)ü�-���\ã(b1)��zǑ

− iM(b1)

2 = (−iδt+u
λ

)

∫
d4k
(2π)4

i
k 2 −m2

= −
iλ2

(16π2)2
(ln

M2
c

µ2
− γω)[M

2
c −m2(ln

M2
c

m2
− γω + 1)] (30)�� (Ü�ö:Ç�ûITP/ KITPC) ��5z3p�O�¥�gT5ïÄ April 3, 2011 30 / 44



φ4nØ:gU?�XJ·�½Âü���þ9Å¼ê��N-��Ǒµ
−iδ(2)

m2 = −
iλ2

(16π2)2
[−M2

c (ln
M2

c

µ2
− γω) −

1
4
(M2

c − µ
2)(ln

M2
c

µ2
− γω) +

1
12

(M2
c − µ

2)

+
1
2

m2(ln
M2

c

µ2
− γω)

2 +
7

12
m2(ln

M2
c

µ2
− γω)] (31)

iδ(2)

Z = −
iλ2

12(16π2)2
(ln

M2
c

µ2
− γω) (32)Kò(a)Ú(b)ã�(JÜå5§·���3ü��φ4nØ��z��gU?�Ǒ

−iM2
2r =

iλ2

(16π2)2
[
1
4
(µ2 −m2) ln

µ2

m2
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